Abstract. Let F (X, k) be the configuration spaces of ordered k−tuples of distinct points in the space X. Using the Fadell and Neuwirth's fibration, we prove that the configuration space F (M, k) of certain topological manifolds M , is not contractible.
Introduction
In robotics, in the motion planning problem, a continuous motion planning algorithm on space X exists if and only if X is contractible (see [3] ). In the problem of simultaneous motion planning without collisions for k robots, we want to know if exists a continuous motion planning algorithm on the space F (M, k). Thus, an interesting question is whether F (M, k) is contractible.
It seems likely that the configuration space F (M, k) is not contractible for certain topological manifolds M (see Theorem 2.16). Evidence for this statement is given in the work of F. Cohen and S. Gitler [6] . However, using the Fadell and Neuwirth's fibration, we will prove that the configuration space F (M, k) of certain topological manifolds M , is not contractible (see Theorem 2.17) . Note that the configuration space F (X, k) can be contractible, for any k ≥ 1 (e.g. if X is an infinite indiscrete space).
Computation of L-S category and topological complexity of the configuration space F (M, k) is a great challenge. As applications of our results, we will calculate the L-S category and topological complexity for the (pointed) loop space ΩF (M, k) (see Proposition 2.10) and the suspension ΣF (M, k) (see Proposition 2.13 and Corollary 2.14).
Main Results
Let M denote a connected m−dimensional topological manifold, m ≥ 1. The configuration space F (M, k), of ordered k−tuples of distinct points in M (see [5] ) is the subspace of M k given by
Let M be a connected finite dimensional topological manifold with dimension at least 2 and k > r ≥ 1. It is well know the projection map
is a fibration with fibre F (M − Q r , k − r). It is called the Fadell and Neuwirth's fibration. Let X be a space, with base-point x 0 . The pointed loop space is denoted by ΩX, as its base-point, if it needs one, we take the function w 0 constant at x 0 .
We will recall some definitions given in [6] .
Definition 2.1.
(1) If M is the complement of a point in a manifold M , then M is a punctured manifold and M will be called a p−manifold ; (2) If the first coordinate projection map π : F (M, k) −→ M admits a crosssection, then M will be called a σ k -manifold.
In this paper, we prove the following theorems.
Theorem 2.3. If M is a simply-connected topological manifold which is not weakcontractible with dimension at least 2, then the configuration space F (M, k) is not contractible (in fact, it is never weak-contractible), ∀k ≥ 2.
Theorem 2.4. If M is a topological manifold which is weak-contractible with dimension at least 2, then the configuration space F (M, k) is not contractible (in fact, it is never weak-contractible), ∀k ≥ 2.
By Theorem 2.3 and 2.4 we have the following Corollary.
Corollary 2.5. If M is a simply-connected topological manifold with dimension at least 2, then the configuration space F (M, k) is not contractible (in fact, it is never weak-contractible), ∀k ≥ 2.
Definition 2.6.
(1) Here we follow a definition of category, one greater than category given in [11] . We say that the Lusternik-Schnirelmann category our category of a topological space X, denoted cat(X), is the least integer m such that X can be covered with m open sets, which are all contractible within X. If no such m exists we will set cat(X) = ∞.
(2) Given a path-connected topological space X. The Topological complexity of the space X ( [3] ), denoted T C(X), is the least integer m such that the Cartesian product X × X can be covered with m open subsets U i ,
such that for any i = 1, 2, . . . , m there exists a continuous function s i :
If no such m exists we will set T C(X) = ∞.
Where P X denote the space of all continuous paths γ : [0, 1] −→ X in X and π : P X −→ X × X denotes the map associating to any path γ ∈ P X the pair of its initial and end points π(γ) = (γ(0), γ (1)). Equip the path space P X with compact-open topology.
Remark 2.7. For all path connected spaces X, the basic inequality that relate cat(−) and
On the other hand, by ([3] , Theorem 5), for all path connected paracompact spaces X, T C(X) ≤ 2cat(X)−1. It follows from the Definition 2.6 that we have cat(X) = 1 if and only if X is contractible. It is also easy to show that T C(X) = 1 if and only if X is contractible.
Theorem 2.8 we state in this section is known, it can be found in the paper by Frederick R. Cohen [4] . Here Ω j 0 X denotes the component of the constant map in the j th pointed loop space of X.
Lemma 2.9. Let M be a simply-connected finite dimensional topological manifold with dimension at least 3. If M has the homotopy type of a finite CW complex, then the configuration space F (M, k) has the homotopy type of a finite CW complex, ∀k ≥ 1.
As a consequence of Corollary 2.5 we can obtain Theorem 2.8 for configuration spaces.
Proposition 2.10. Let M be a space which has the homotopy type of a finite CW complex. If M is a simply-connected finite dimensional topological manifold with dimension at least 3, then the Lusternik-Schnirelmann category and the Topological complexity of
Proof. The arguments M is a simply-connected finite dimensional topological manifold with dimension at least 3, imply the configuration space F (M, k) is simplyconnected. Furthermore, as M has the homotopy type of a finite CW complex, then the configuration space F (M, k) also has the homotopy type of a finite CW complex by Lemma 2.9. Finally the configuration space F (M, k) is not contractible by Corollary 2.5. Therefore we can apply Theorem 2.8 and the Lusternik-Schnirelmann category of
Remark 2.11. If X is any topological space, it is well-known that cat(ΣX) ≤ 2,
is the non-reduced suspension of the space X. 
, so is contractible in itself and thus it is contractible in the suspension ΣX.
Lemma 2.12. Let X be a simply-connected topological space. If X is not weakcontractible, then ). It is a contradiction with the hypothesis. Therefore ΣX is not weak-contractible. Proposition 2.13. If M is a simply-connected finite dimensional topological manifold with dimension at least 3, then
Proof. The arguments M is a simply-connected finite dimensional topological manifold with dimension at least 3, imply the configuration space F (M, k) is simplyconnected. The configuration space F (M, k) is not weak-contractible by Corollary 2.5. Therefore we can apply Lemma 2.12 and the Lusternik-Schnirelmann category of ΣF (M, k)) is two, ∀k ≥ 2.
We note that
Corollary 2.14. If M is a simply-connected finite dimensional topological manifold with dimension at least 3, then
Proof. It is followed by Remark 2.7 and Proposition 2.13.
Remark 2.15. By Corollary 2.14 the topological complexity of the suspension of configuration spaces is secluded in the range 2 ≤ T C(ΣF (M, k)) ≤ 3 and any value between can be taken (e.g. if M = S m and k = 2). By ( [8] , Theorem 1), if T C(ΣF (M, k)) = 2 then ΣF (M, k) is homotopy equivalent to some odd-dimensional sphere under the hypothesis of Corollary 2.14 and M is a CW complex of finite type. Theorem 2.16. Let k ≥ 2. The configuration space F (M, k) is not contractible in case M is one of the following manifolds:
(
of dimension at least one; (6) M = G be a connected Lie group;
where SU (n) is the special unitary group (n ≥ 2); (9) Sp(n) − Q t , t ≥ 0 where Sp(n) is the compact symplectic group (n ≥ 1); (10) V n,2 − Q t , t ≥ 0 where V n,2 denoted the Stiefel manifold of ordered orthonormal 2−frames in R n with n > 3; (11) M is a connected sum A#B with A or B as in (7) 
PROOF of Theorem 2.2,2.3, 2.4 and 2.17
In this section we proof Theorem 2.2, 2.3, 2.4 and 2.17. We begin by proving two lemmas needed for our proofs. Proof. Recall that if p : E −→ B is the projection map in a fibration with inclusion of the fibre i : F −→ E such that p supports a cross-section σ, then (1)
If r ≥ 1, then the first coordinate projection map π : F (M − Q r , k) −→ M − Q r is a fibration with fibre F (M −Q r+1 , k −1) and π admits a section (see [5] , Theorem 1).
Finally, notice that M − Q r+k−1 is homotopy equivalent to
Lemma 3.2. If M is a connected finite dimensional topological manifold with dimension at least 2, then the inclusion map i :
Proof. We will prove it by induction on k. We just have to note that the inclusion map j :
The following diagram of fibrations (see Figure 1 ) is commutative. Thus by induction, we can conclude the inclusion map i :
which is surjective and so we are done.
Remark 3.3. Lemma 3.2 is actually a very special case of a general theorem of Golasiński, Gonçalves and Guaschi in ( [9] , Theorem 3.2). Also, it can be proved using braids ([10] , Lemma 1).
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Proof of Theorem 2.2. It follows easily from the Lemma 3.1.
Lemma 3.4. If M is a simply-connected finite dimensional topological manifold which is not weak-contractible, then the singular homology, with coefficients in a field K, of ΩM do not vanish in sufficiently large degrees.
Proof. By contradiction, we will suppose the singular homology of ΩM vanishes in sufficiently large degrees, that is, there exists an integer q 0 ≥ 1 such that, H q (ΩM ; K) = 0, ∀q ≥ q 0 , where K is a field. Let f denote a nonzero homology class of maximal degree in H * (ΩM ; K). As M is finite dimensional and not weakcontractible, let b denote a nonzero homology class in H * (M ; K) of maximal degree (here H * (−; K) denote reduced singular homology, with coefficients in a field K).
Notice that b ⊗ f survives to give a non-trivial class in the Serre spectral sequence abutting to H * (P (M, x 0 ); K) as M is simply-connected, where
it is contractible. This is a contradiction and so the singular homology of ΩM do not vanish in sufficiently large degrees.
Proof of Theorem 2.3. By hypothesis M is a connected finite dimensional topological manifold of dimension at least 2, then there is a fibration
We just have to note that in sufficiently large degrees, the singular homology, with coefficients in a field K, of
On the other hand, if F (M, k) were weak-contractible, then the pointed loop space of M is weakly homotopy equivalent to F (M − Q 1 , k − 1) which it cannot be by Lemma 3.4. Thus, the configuration space F (M, k) is not weak-contractible.
Proof of Theorem 2.4. By the homotopy long exact sequence of the fibration 
is an epimorphism. Thus π 1 (F (M, k)) = 0 and F (M, k) is not weak contractible. Therefore, F (M, k) is not contractible.
PROOF of Theorem 2.16
It is well know that the pointed loop spaces allow to manipulate homotopy groups by moving them from one dimension to the next. More precisely (see [1] , pg. 5), we have
So the pointed loop space ΩX, is not weak contractible if and only if X is not weak contractible, where X is any path-connected space. Furthermore, if ΩX is not weak contractible, then X is not contractible. In particularly we have if the pointed loop space of the configuration space F (M, k) is not weak contractible, then the configuration space F (M, k) is not contractible. Thus, the question then arises, when the pointed loop space ΩF (M, k) is not weak contractible?
We have the well-known work of Fred Cohen and S. Gitler. In [6] , Fred Cohen and S. Gitler gave an analysis of topological and homological properties for pointed loop space of configuration spaces.
The proof of some parts of the Theorem 2.16 follows immediately from the Theorems given in [6] together with standard homotopy theory. Proof of Theorem 2.16.
(1) If M is a σ k −manifold, then the first coordinate projection map π : F (M, k) → M is a fibration with fibre F (M − Q 1 , k − 1) and π admits a section. 
and thus F (G, k) is not weak contractible. For k = 2 and π 1 (G) = 0 then we can conclude easily F (G, 2) is not weak contractible. If k = 2 and π 1 (G) = 0, then this case follows from Corollary 2.5. Thus item (6) follows. (7) If t = 0, we just have to note that S p × S q is simply-connected. By Theorem 2.3, we can conclude the configuration space F (S p × S q , k) is not contractible. For t ≥ 1, it follows easily from Theorem 2.2. (8) For t ≥ 1, it follows easily from Theorem 2.2. If t = 0, we just have to note that SU (n) is a simply-connected manifold ( [7] , Proposition 13.11) with dimension n 2 − 1 ≥ 3. By Theorem 2.3, we can conclude the configuration space F (SU (n), k) is not contractible. The same result can also be obtained by using the result of Item (6), since the special unitary group SU (n) is a connected Lie group. (9) For t ≥ 1, it follows easily from Theorem 2.2. If t = 0, we just have to note that the compact symplectic group Sp(n) is a connected Lie group and so this case follows from Item (6). (10) If t = 0, we just have to note that V n,2 the Stiefel manifold of ordered orthonormal 2−frames in R n with n > 3, is simply-connected which is not contractible with dimension 2n − 3 > 3. By Theorem 2.3, we can conclude the configuration space F (V n,2 , k) is not contractible. 
